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Matrix Polynomials in Linear Control

Coefficient Matrix Polyno- Behaviours
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Polynomial System Matrices
state vector input or control vector

— ), z(t) U(d 4
0= () 5+ () o

output or measurement vector

If R(A\) = RpAP + Rp_l)\p*1 + .-+ R1 A + Ry is a matrix polynomial:

d 0 d" 1z (t) dz(t)
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Transfer Function Matrix

U(s)u(s) Transfer Function Matrix

() + W(s)a(s) = (V(s)T(s)"'U(s) + W(s)) a(s)



Transfer Function Matrix

T(s)z(s) = U(s)u(s) Transfer Function Matrix

§(s) = V(s)a(s) + W(s)a(s) = (V(s)T(s) " U(s) + W(s)) als)

When do two polynomial system matrices
yield the same Transfer Function Matrix?



Strict System Equivalence
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Unimodular:
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Strict System Equivalence
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Strict System Equivalence

n m

M(s) 0] n [Tl(s) Ul(s)} [N(s) Y(s)} _ {Tz(s> Us(s)

~Vi(s) Wi(s) 0 I, | | —Va(s) Wa(s)

p

4 7
Vi(s)T1(s) 7 UL () + Wi (s) = Va(s)Ta(s) ' Us(s) + Wa(s)

|



Coprime Matrix Polynomials

A(s), B(s) left coprime < [A(s) B(s)] ~ [I, 0]



Coprimeness and Strict System Equivalence

If G(s) € F(s)P*™, (T'(s),U(s),V(s), W(s)) Realization of G(s) if
G(s) = W(s) 4+ V(s)T(s)"'U(s) . order= deg(det T(s))

(T'(s),U(s),V(s),W(s)) realization of least order <
(T'(s),U(s)) left coprime and (T'(s),V (s)) right coprime

_ [ Tu(s)  Ui(s) _ | Ta(s)  Ua(s) _
It Fy(s) = [Vl(S) W1(8)} » Pals) = [VQ(S) WQ(S):| R
mial system matrices of least order

Pi(s) "X Py(s)

i}
Vi(s)T1(s) "' Ur(s) + Wi(s) = Va(s)Ta(s) " Ua(s) + Wa(s)



Systems in State-Space Form

x(t) = Ax(t) + Bu(t) sl, —A B
(%) {y(t):Cx(t) - P(‘S):{ —C o]



Systems in State-Space Form

z(t) = Az(t) + Bu(t) _|sI,-A B
(%) {y(t):Cx(t) - P(S)—{ —C o]

Controllability " [to,t1]: Vzo, 21 € R", Ju defined in [to, ¢1] such that

the solution of the L.V.P. &(t) = Axz(t) + Bu(t), z(t9) = o, satisfies
l’(tl) =x1.
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Systems in State-Space Form

z(t) = Az(t) + Bu(t)
@ {0 e o
Controllability " [to,1]: Vo, 21 € R", Ju defined in [to, ¢1] such that

the solution of the I.V.P. &(t) = Ax(t) + Bu(t), z(t9) = zo, satisfies
IE(tl) = T1.

sl, —A B
-C 0

x1

xo
to ty

t

(3) controllable <+ (A, B) controllable



Controllability, Observability and Coprimeness
&(t) = Az(t) + Bu(t) _|s[,-A B
() { y(t) = C(t) = Plo= [ —C 0]

(A, B) controllable is equivalent to:
o rank [B AB .. A”_lB} =n, Or

e s, — A and B are left coprime ([s[n —A B]X|[I, 0])
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&(t) = Az(t) + Bu(t) _|s[,-A B
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(A, B) controllable is equivalent to:
o rank [B AB .. A”_lB] =n, Or

e s, — A and B are left coprime ([s[n —A B]X|[I, 0])

Observability " [fo,1]: The value of y in [to, &1] determines the state
at to, z(to), and so the vector function z(t) in [to, t1].

(X) observable «» (A, C) observable = (AT, CT) controllable.



Controllability, Observability and Coprimeness

&(t) = Ax(t) + Bu(t) _|s[,-A B
() { y(t) = Ca(t) - PE=1"T0
(A, B) controllable is equivalent to:
o rank [B AB --- A" 'B]=n,or

e sI, — A and B are left coprime ([s[n —A B]X|[I, 0])
Observability " [fo,1]: The value of y in [to, &1] determines the state
at to, z(to), and so the vector function z(t) in [to, t1].

(X) observable « (A, C) observable = (A", C7) controllable.
P(s) = [SI”_E,A ]g] is of least order if and only if (A, B) controllable
and (A, C) observable.



Transfer Function Matrix
From now on:

z(t) = Az(t) + Bu(t) sl, —A B
) { y(t) = La(t) = Pl)= [ ‘1, o]

Transfer Function Matrix: G(s) = (sI, — A)™'B — 0
§ — 00
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Transfer Function Matrix
From now on:

z(t) = Az(t) + Bu(t) sl, —A B
) { y(t) = La(t) = Pl)= [ ‘1, o]

Transfer Function Matrix: G(s) = (sI, — A)™'B — 0

§ — 00
| :
cm{denominators of G/(s) RemeVe right common factors
from N(s) and d(s)I,
G(s) = N(s)(d(s) I,)"" = N(s)D(s)™"
If (A, B) controllable
In—m 0 0
| L | ez
" 0 —N(s)| o0



Polynomial Matrix Representations
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Polynomial Matrix Representations

s el e ) -[s L
T |
U(s) [sl,—A B V(()S) YIS)} :[Inam D(()s) I?ﬂ} (%)
X(s) = [Vi(s) Y(s)]U(s), N(s) = =Y (s)D(s) +

Va(s), where V(s) = [Vl(s Va(s ] Vonxm

A Polynomial Matrix Representation of a controllable sys-
tem (A, B) is any non-singular Matrix Polynomial D(s) such
that (x) is satisfied for some unimodular matrices U(s), V (s)
and some matrix Y (s).



Some Consequences of the Definition. |

e If D(s)isa PMR of (A, B), D(s)W(s) is also a PMR of (A, B) for
any unimodular W (s).

0 I, 0 D(s) Im
I
V(is)W(s) Y(s)| _ |In—-m 0 0

W (s) = Diag(In—m, W (s)).



Some Consequences of the Definition. I

e If D(s)isa PMR of (A, B), D(s)W(s) is also a PMR of (A, B) for
any unimodular W (s).

U(s) [sln — A B] [
W (s) = Diag(In—m, W (s)).

If Di(s), Da(s) are PMRs of (A1, By) and (A, Bs) :
Dy(s) = Di(s)W(s) < (Ag,Bo) = (P 1AP,P7'By).

W (s) unimodular, P invertible.



Some Consequences of the Definition. 11
o If D(s) = Dys' + Dy_18"" '+ .-+ Dys + Dy

(sI, — A)"'B=N(s)D(s)™' < (sI,— A)"'BD(s) = N(s)
& A'BDy+ A“'BDy_1+---+ABDy+BDy =0 (*)

(A, B) controllable and (xx) < D(s) PMR of (A, B)



Some Consequences of the Definition. 11
o If D(s) = Dys* + Dy_15* 1 +--- 4+ Dis+ Dy

(sI, — A)"'B=N(s)D(s)™' < (sI,— A)"'BD(s) = N(s)
& A'BDy+ A"'BDy +---+ABD; +BDy =0 (x%)

(A, B) controllable and (xx) < D(s) PMR of (A, B)

e sI, — Ais a linearization of D(s)

V(s) Y(s)

Ul(s) [s[n—A B] 0 I




Some Consequences of the Definition. 11
o If D(s) = Dys' + Dy_18"" '+ .-+ Dys + Dy

(sI, — A)"'B=N(s)D(s)™' < (sI,— A)"'BD(s) = N(s)
& A'BDy+ A"'BDy +---+ABD; +BDy =0 (x%)

(A, B) controllable and (xx) < D(s) PMR of (A, B)

e sI, — Ais a linearization of D(s)

V(s) Y(s)

Ul(s) [s[n—A B] 0 s

Lm0
N 0 D(s)

0
I,

Given D(s), non-singular, is there, for any linearization sI,, — A
of D(s), a control matrix B such that (A, B) is controllable
and D(s) is a PMR of (A, B)?



Controllability indices

Assume (A, B) controllable: rank [B AB -~ A" 'B] =n
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Controllability indices

Assume (A, B) controllable: rank [B AB -~ A" 'B] =n

n=8 m=2>5
AB A’B  A®B  A*B | A°B AB A'B

A AT T

by by by  Aby Aby A%y ALy A'by



Controllability indices

Assume (A, B) controllable: rank [B AB -~ A" 'B] =n

n=8 m=>5
AB A’B  A®B  A*B | A°B AB A'B

A AT T

by by by Aby Aby A%y A3y A'by
01=0,0,=2 03=1,0,=5, ;=0
ki=5,ke=2 ks=1 ki=0, ks =0
Controllability Indices



Controllability indices

Assume (A, B) controllable: rank [B AB -~ A" 'B] =n

n=8 m=>5
AB A’B  A®B  A*B | A°B AB A'B
by by by  Aby Aby A%y ALy A'by

0h=0,0=203=1,4,=5,05=0
k1 =5, ko=2,ks=1, ky=0, ks =0
Controllability Indices

Controllability indices of (A, B)= minimal indices of s [I, 0] — [A B]

Matlab



PMRs and Controllability indices

unordered controllability indeces

det Dhc 7é 0

4

S 0
e
0 0

+ ch(s)

A /
S_

degree of i-th column < /;




PMRs and Controllability indices

unordered controllability indeces

det Dhc 7é 0

861 0

?ﬁ 0
5 + Di(s)

_0 0 ng_ /

degree of i-th column < /;

e Matrix polynomials with this property are called column proper or
column reduced



PMRs and Controllability indices
unordered controllability indeces

S 0 0
}_’ b 0
D(s)= Dpe | ~ ° |+ Duols)
i 0 0 e S Em | /
det Dy # 0 degree of i-th column < ¢;

e Matrix polynomials with this property are called column proper or
column reduced

Let A(s) € F[s|™ ™ be a non-singular matrix polynomial. Then
there is U(s) € F[s]™*™, unimodular, such that D(s) = A(s)U(s) is
a column proper matrix. In general, D(s) is not unique but all have
the same column degrees up to reordering.



Column Proper Matrix Polynomials

Given A(s), choose a
linearization sI,, — A



Column Proper Matrix Polynomials
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Column Proper Matrix Polynomials

D(s)= r D(S) _

Dy, Diaug(se1 s sem)—i—
D;.(s) column proper

Given A(s), choose a
linearization sI,, — A

Diag(s“,s%,...,s") +
D; ' Dy.(s) column proper




Column Proper Matrix Polynomials

Vs

D(s)

D(s) =
Dy, Diaug(se1 s sem)—i—
D;.(s) column proper

Given A(s), choose a
linearization sI,, — A

N

MATLAB —
example D(S) =
[ (Ac, Be) ]4— Diag(s“,s%,...,s") +
D;, ' Dy.(s) column proper




Column Proper Matrix Polynomials

Vs

D(s) D(s) _

Dy, Diaug(se1 s sem)—i—
D;.(s) column proper

Given A(s), choose a
linearization sI,, — A

MATLAB,,’f —
exampte D(S) =
[ (Ac, Be) ]47’— Diag(s“,s%,...,s") +
l //’ \ D; ' Dy.(s) column proper




Column Proper Matrix Polynomials

D(s) s D(S) _

Dy, Diag(s™, s, ... stm)+
D;.(s) column proper

Given A(s), choose a
linearization sI,, — A

l

MATLAB [ —
example D(S) =
[ (Ac,B.) ]4— Diag(se1 s, ng) +
J | D; ! Dy.(s) column proper
Aand A.
linearizations

[ (A., B.D; 1) ]L(S)»[ B = P 'B.D;!
¢y == he A=pP-lap - ¢~ hce

A(s) is a Polynomial Matrix Representation of (A, B) and /4,...¢,, are
its (unordered) controllability indices.



Wiener-Hopf Factorization and Indices
Aq(s), Aa(s) € F[s]™"™ Wiener-Hopf equivalent (at co on the left):

Az(s) = B(s) Ai(s) U(s) *\
Biproper: Sli}rgo B(s) J Unimodular: lim U(s)

sS—a
invertible invertible, Va € C



Wiener-Hopf Factorization and Indices
Aq(s), Aa(s) € F[s]™"™ Wiener-Hopf equivalent (at co on the left):

Az(s) = B(s) Ai(s) U(s) *\
Biproper: Sli}rgo B(s) J Unimodular: lim U(s)

sS—a
invertible invertible, Va € C

A(s)U(s) = Dy.Diag(s,...,s") + Dy(s)
= [Dpe + Dic(s) Diag(siél, - 3%’")] Diag(sfl, - sgm)
B(s)€Fp,(s)mxm

lim B(s) = Dy, invertible

S—00




Wiener-Hopf Factorization and Indices
Aq(s), Aa(s) € F[s]™"™ Wiener-Hopf equivalent (at co on the left):

Az(s) = B(s) Ai(s) U(s) *\
Biproper: Sli}rgo B(s) / Unimodular: lim U(s)

sS—a
invertible invertible, Va € C

A(s)U(s) = Dp.Diag(s™,...,s") 4+ Dy(s)
= [Dpe + Dic(s) Diag(siél, . ,sif’”)] Diag(szl, - ng)

B(s)€Fpr(s)mxm
lim B(s) = Dy, invertible
$§—00
A(s) i Diag(s*t,s*2 ... skm)

ki1 > ko > -+ > k= Wiener-Hopf factorization indices of A(s)



Brunovsky-Kronecker canonical form
Diag(s*, 5", ..., s*) is a PMR of (A, B.)

0 1 0 - 0] 0
00 1 --- 0 0
Ac=Diag{ [: 1 . . | eFFi*Fi L B =Diag{ || €eFF*X1 L 1<i<m
0 0 0 1 0
0 0 0 0] 1
[s 0 0 0
0 s 1 0 0
s[In 0] —[Ac Bc] %X Diag¢ [0 0 s = 0 0] eFrxttl 1 <i<m
0 0 0 --- s 1
4

Kronecker canonical form



Brunovsky-Kronecker canonical form
Diag(s*, 5", ..., s*) is a PMR of (A, B.)

0 1
0 0

A. = Diag

s[ln 0] - [A.

0
1

BC} ~ Diag

0
0

c Fki Xk,

, B.=Diag{ [:| eFF*1 3} 1<i<m

0

—

0
0

0| eFFixkitl) i1 <i<m
1
I
Kronecker canonical form

(Ac, B.) = system in Brunovsky form



Feedback equivalence

(A, B) has controllability indices k1 > ko > --- >k,

s[I, 0]—[A B] féls[[,l 0] - [4. B
P(s[I, 0]—[A B])Z{I:s[In 0] - [A. B]
)

PlA B {PR g} ~ [4. Bl

(A.,B.) = (PAP~! + PBF, PBQ)



Feedback equivalence

(A, B) has controllability indices k1 > ko > --- >k,

s[I, 0]—[A B] Séls[[,l 0] - [4. B
P(s[I, 0]—[A B])Z{I:s[In 0] - [A. B]
)

PlA B {PR g} — [4. Bl

(A.,B.) = (PAP~! + PBF, PBQ)

\ Feedback equivalence
/

Any controllable system is feedback
equivalent to a system in Brunovsky form



Summarizing

D(s) is a Polynomial Matrix Representation of a controllable (A, B)

V(s) )Eis)] _ [ Iiom O lp ]

U(s) [sI, — A m[

0 I, 0 D(s)
T
(sI, — A)"'B = N(s)D(s)™', N(s),D(s) right coprime
(i

A'BD, + A“'BDy_1+---+ ABD; + BDy =0
(D(s) = Dys* + Dy_15° " + -+ + Do)



Summarizing
D(s) is a Polynomial Matrix Representation of a controllable (A, B)

corscn oY [ 2]

0 Ip, 0 D(s)
N(s), D(s) right coprime

4

)
(D(s) = Dys* + Dyg_15"~1 +--- + Dy)

(sI, — A)"'B = N(s)D(s)

(4, B) D(s)
(P~1AP, P~'B) D(s)U(s)
Similarity Right Equivalence
(P~'AP + P~'BF, P'BQ) B(s)D(s)U(s)
Feedback Equivalence Wiener-Hopf Equivalence
Controllability Indices Left Wiener-Hopf indices




Matrix Polynomials with non-singular Leading Coefficient

non-singular\

D(S) = Dy Sg'i‘Dé—lSZil + .-+ Dyis+ Dy

B(s)=Dy+Dy_1s  +-- 4+ Dys~ 1 4 Dys~* biproper ( lim B(s) = Dy)
S o

m

—N—
B(s)7'D(s) = s'I,,, = (¢,¢,...,¢) = Wiener-Hopf indices of D(s)



Matrix Polynomials with non-singular Leading Coefficient

non-singular\

D(s)= Dy s+ Dy_1s" 1 +--- 4 Dis+ Dy

B(s)=Dy+Dy_1s  +-- 4+ Dys~ 1 4 Dys~* biproper ( lim B(s) = Dy)
S o

m

m——
B(s)™'D(s) = s'I,, = (¢,¢,...,¢) = Wiener-Hopf indices of D(s)
D(s) Polynomial Matrix Representation of (A, B)

)
rank [B AB - Aem_lB] =/¢m and
A'BD,+ A“'BDy_1 +---+ ABDy+ BDy =0

. ,—/A g . .
Since (¢,¢,...,¢) = Controllability indices of (A, B)
rank (B AB ... A" 'B] =rank[B AB .- A"!'B]

(A, B)= Standard Pair of D(s)
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